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A computer simulation has been used to calculate the effects of
coupling on the amplitudes of echoes produced by CPMG se-

uences. The program computes the evolution of the density ma-
rix for different pulse intervals and can predict the signals ob-
ainable from spin systems of any size and complexity. Results
rom the simulation confirm the prediction that a decrease in the
ffects of J coupling is largely responsible for the bright fat signal
een in fast spin echo imaging at high pulse rates. The effects of J
oupling on CPMG echotrains are examined for A3B2 and A3B2C2

pin systems over a wide range of J coupling and chemical shift
alues and pulse spacings. The effects of J coupling on the point
pread function obtained with fast spin echo imaging are also
iscussed. © 1999 Academic Press

Key Words: J coupling; density matrix; numerical simulation;
SE; spin echo; pulse sequence.

INTRODUCTION

Spin-echo (SE) imaging possesses considerable flexi
or manipulatingT1 and T2 tissue contrast and is often co
idered to be the reference standard by which other MR i
ng techniques are judged. Since the introduction of fast s
cho (FSE) imaging, in which several echoes that are p
ncoded to different degrees are acquired following each
itation, numerous papers have been published directly
aring the characteristics of FSE images to those of con

ional SE images (1–3). These studies have shown that F
mages provide similar degrees of control overT1 and T2

ontrast as SE images, as well as comparable tissue dif
iation and image detail (2). However, when FSE images a
cquired with particularly rapid pulse rates, the signals f

issues such as fat and the substantia nigra are much br
han in SE images. Several previous reports have propose
he bright fat signal that occurs when short echo spacing
sed is caused by a suppression ofJ coupling effects (2–5).
The dependence of the NMR signal on the spacing of

using pulses in multiecho sequences has been demons
xperimentally in a number of complexJ-coupled system
mong them: corn/vegetable/olive oil (4, 6–10), diethyl ethe

1 To whom correspondence should be addressed. E-mail: john.g
ale.edu.
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4, 11), pork fat (4), and bone marrow (12). These studies a
nd an increase in the signal fromJ-coupled nuclei as the pul
pacings decrease. The theoretical explanation of this phe
non was provided by Allerhand, who derived an expres

or the CPMG signal fromJ coupled systems (13). He showed
hat if the spacing of the refocussing pulses was short eno
he effects ofJ coupling disappear. However, the pulse rate
ost SE and FSE imaging sequences of practical interes

hort of the strict fast pulse requirement; thus the solutio
his limit merely provides a qualitative understanding of sig
ehavior. In addition, Allerhand’s equation for the signal p
uced in CPMG sequences outside of the ultra-fast p
egime has closed form solutions only for simple spin syst
s a result, the effects ofJ coupling for complex spin system
r situations comparable to those experienced with imagiin
ivo, have not previously been analyzed quantitatively.
This paper presents the results of numerical simulation

he effects ofJ coupling on SE and FSE signals, as wel
xperiments to verify the accuracy of the simulations.
olution of Allerhand’s equation requires the construction
anipulation of large matrices and is therefore well suite

he numerical analysis described here. Several papers
reviously been published describing the use of comp
rograms to analyze the effects of complex pulse seque
14–17). The simulations described here are unique becau
heir flexibility in handling spin systems of arbitrary compl
ty and CPMG sequences of any length. We used the sim
ions to study the behavior of the signal produced in multie
equences from a number of relevant spin systems in tis
hese calculations clarify how the effect ofJ coupling varies
ith chemical shift andJ coupling parameters and with pu
pacing.
In addition to showing a brighter signal from fat, F

mages also may exhibit increased blurring and ghosting
acts in the phase-encode direction because the amplitud
ach echo in an echo train are different. While these arti
an be explained in part by theT2 decay which occurs betwe
cquisitions of lines ink-space, they are also affected by
odulation of the echo train byJ coupling. Therefore, we als

nvestigated the influence ofJ coupling effects on the poi
pread function of FSE images.
@
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306 STABLES ET AL.
THEORY

volution of the Density Matrix in an FSE Sequence

J coupling is a quantum mechanical phenomenon with
lassical analog, and therefore its effect on nuclear magn
ion must be studied using an appropriate quantum mecha
ormalism. Given that we are interested in theensemblebe-
avior of the nuclear spins, we use the density matrix to fo

he development of the system during the CPMG pulse
uence.
The signal measured in a magnetic resonance experim

roportional to (18)

^ Î x~t!& 5 Tr@r̂~t! Î x#, [1]

here Î x is the x component of the total angular moment
perator. For a time independent Hamiltonian, the time de
ence ofr, the density matrix of the system, is given by

r̂~t! 5 exp~2iĤ t!r̂0exp~iĤ t!, [2]

herer̂0 is the density matrix att 5 0, Ĥ is the Hamiltonian
f the system and exp(2iĤ t) is the time evolution operato
herefore, the effect ofJ coupling on the signal measur
sing a CPMG sequence can be determined by following

ime evolution ofr(t) through each phase of the sequen
igure 1 shows a diagram of the operators acting on the de
atrix in the course of a CPMG experiment. The expres

or the density matrix at then’th echo is (13)

r̂~nt! } ~e2i / 2Ĥ tR̂180xe
2i / 2Ĥ t! nÎ x~e

2i / 2Ĥ tR̂180xe
2i / 2Ĥ t! 2n,

[3]

heret is the spacing between 1808x pulses. The operators a

Î x 5 O
i

Î xi [4]

nd the rotation operator for the 1808x pulse,

R̂ 5 exp~ip Î !. [5]

FIG. 1. Operators acting on the density matrix during a pulse sequeR
ystem and exp(2iĤ t) is the time evolution operator.
180x x
o
a-

cal

e-

t is
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e
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he Hamiltonian is given by

Ĥ 5 2O
j

d j Î zj 2 O
j,k

JjkÎ j z Î k, [6]

hereJjk is theJ coupling constant between spinsj andk, and
j is the chemical shift of nucleusj with respect to the avera
armor frequency of the spins. A term containing the ove
hemical shift of the system and terms which do not inv
hemical shift orJ coupling are omitted from the Hamiltoni
s they do not affect the following calculations.
Combining Eqs. [1] and [3] gives the final expression for

ignal:

S~nt! } ^ Î x~nt!&

} Tr@~e2i / 2Ĥ tR̂180xe
2i / 2Ĥ t! nÎ x

3 ~e2i / 2Ĥ tR̂180xe
2i / 2Ĥ t! 2nÎ x#. [7]

he effect ofT2 relaxation has been omitted for clarity, but c
e included by multiplying the RHS of Eq. [7] by exp(2nt /
2). Note that in Eq. [7], the time evolution operator, exp(2i /
Ĥt), is a function solely of terms containingJjkt andd jt. As
result the signal at any echo in a CPMG train depends o
roducts,Jjkt andd jt, not onJjk, d j , or t individually. Finally,

he contribution of a specific spin,j , to the signal can b
btained by substitutingÎ xj for the final Î x in Eq. [7].
Equation [7] is not simplifiable becauseĤ andR̂180x do not

ommute. As a result, analytic solutions to this expressio
xceedingly difficult to find. However, in the matrix repres

ation that diagonalizes exp(2i / 2Ĥt)R̂180x exp(2i / 2Ĥt), Eq.
7] becomes

S~n! } O
j

u^j ju Î xuj j&u 2 1 2 O
j,k

u^j ju Î xujk&u 2cos@n~l j 2 lk!#,

[8]

here the j j are the eigenfunctions of exp(2i /
Ĥt)R̂180xexp(2i / 2Ĥt), and exp(il j) are the correspondin
igenvalues (13). Equation [8] can be written in the form

.andR̂180x are the 90y
8 and 180x

8 pulse operators,Ĥ is the Hamiltonian of th
nceˆ
90y
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307SIMULATIONS OF THE EFFECTS OFJ COUPLING IN SE AND FSE IMAGING
S~n! } co 1 O
m51

M

cmcos~vmn!, [9]

here the coefficientscm andvm are real andM # 2N(2N 2
) (N 5 number of spins in the system). Thus, in the abs
f relaxation, this equation shows that for a multiple s
ystem, the amplitudes of the echoes in a CPMG train
odified by a large but finite number of frequencies.

alues ofcm and vm depend solely on the relative chemi
hifts (d j) and coupling constants (Jjk) of the system and ont.
n the simplest case of a weakly coupled two spin system
8] reduces to the familiar result,

S~n! } cos~pJnt!. [10]

(n) in the Fast Pulse Rate Limit

In the limit that

uJjkut and ud jkut ! 1, ; j , k, [11]

he term exp(2i / 2Ĥt) can be expanded to first order in E
3]. As shown in Ref. (13), the chemical shift terms disappe
n this limit and the remaining operators commute. As a re
he density matrix remains constant over time and

S~n! 5 S~0! } Tr@ Î x
2#. [12]

hus, whent becomes sufficiently small, the echo train m
lation caused byJ coupling disappears. Without this mod

ation, the signal fromJ coupled spins at any echo tim
ecomes substantially greater. This is the cause of the br

at signal seen in FSE images.

COMPUTER SIMULATIONS OF
ALLERHAND’S EQUATION

Analytic solutions for Eq. [7]/[8] have been published o
or the AB, A2B, andA3B spin systems (13). The pulse rate
n most SE and FSE imaging sequences of practical intere
hort of the fast pulse regime in which Eq. [7] reduces to
12]; thus the fast pulse solution gives only limited insight i
he expected signal behavior.

To understand the role ofJ coupling in pulse rate regimes
linical interest, it is necessary to solve Eq. [7] or [8]
omplex spin systems outside of the fast pulse limit. Bec
he quantum mechanical operators discussed above c
epresented as matrices, the solution of Eqs. [7]–[8] ca
onverted into a matrix algebra problem that can be so
umerically. With this in mind, we developed a series
omputer programs that solve these equations. We then
he programs to obtain the SE/FSE signal behavior of a nu
f spin systems similar to those of biological interest.
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The simulations construct matrix representations of the
ssary operators and then use them to solve either Eq.

8]. The details of the algorithm are discussed in the Appen
he programs were written in MATLAB (Mathworks, Natic
A), a language that is particularly well suited for simulatio

hat require substantial matrix manipulations.
In addition to calculating the signal from the entire s

ystem, the programs calculate the contributions of indivi
uclei to the overall signal. They are capable of solving

7]–[8] for spin systems of arbitrary size and complex
rovided the computer has enough memory to handle
esulting 2N 3 2N matrices. The only parameters neede
haracterize a given spin system are the chemical shifts
rotons and their respectiveJ couplings. The pulse sequence
haracterized by the pulse spacing,t, and the length of th
ulse sequence (on which there are no restrictions).
If needed, the programs can also calculate the magnetiz

t any time between echo peaks by solving the equation

r̂~nt 1 t!

} 5 e2i Ĥ tr̂~nt!ei Ĥ t t ,
t

2

e2i Ĥ tR̂180xe
2i / 2Ĥ tr̂~nt!ei / 2Ĥ tR̂180xe

i Ĥ t t .
t

2

. [13]

To verify the accuracy of the simulation results, the si
ated echo trains for a range ofA2B spin systems were com
ared to the echo trains obtained from Allerhand’s analy
olutions for these systems. The simulation results agreed
llerhand’s to within 1 part per billion. In addition, we us

he program’s ability to generate a theoretical FID (from
13]), to predict the spectra of a number ofA3B2 systems. Th
heoretical FID’s for these systems were calculated and
ourier-transformed to obtain their NMR spectra. The lo

ions and magnitudes of peaks in these spectra were ident
he theoretical spectral peaks tabulated by Emsley (19) for

3B2 systems with identical values ofJ/d.
In order to clarify the manner in which the effects oJ

oupling depend on spin system and pulse sequence pa
ers, we studied a number of hypothetical strongly cou

3B2 andA3B2C2 spin systems over a wide range of value
AB (5udA 2 dBu), JAB, andt. In addition, we simulated the S
nd FSE behaviors of a specific molecule, 1-pen
CH3CH2CH2CH 5 CH2), which was chosen as a model
he hydrocarbon chains found in lipids. The sizes of true lip
hich typically contain 30 or more protons, makes simula
f their NMR behavior prohibitive—1-pentene was cho
ecause, as a ten-spin system, it was the largest hydroc
hain that our simulation could conveniently handle. ThJ
oupling values and chemical shifts for the protons in 1-
ene were first estimated from values given in the literatur
-hexene, 1-propene, and 1-butene (20, 21). These estimate
ere then fine-tuned by matching the theoretical spectra
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308 STABLES ET AL.
roduced to a high-resolution (7T) spectrum of 1-pentene22).
abeling the 1-pentene protons asA3B2C2DEF (whereE is cis

o D, F is trans), the chemical shift values obtained were:dA

.91 ppm,dB 5 1.41 ppm, dC 5 2.02 ppm, dD 5 5.80
pm, dE 5 4.93 ppm, anddF 5 5.00 ppm. TheJ coupling
alues wereJAB 5 7.5 Hz,JBC 5 6.5 Hz,JCD 5 6.3 Hz,JCE

21.2 Hz, JCF 5 21.6 Hz, JDE 5 10 Hz, JDF 5 17 Hz,
nd JEF 5 2.5 Hz.
In addition to the computer simulations, the SE and

ignals from 1-pentene were measured experimentally.
urements of 1-pentene samples contained in 8-mm test
ere performed at 2.0 T on a GE Omega imaging spect
ter.

SIMULATION AND EXPERIMENTAL RESULTS

For the simulation data shown below, the absolute valu
he signal is shown relative to its value in the absenceJ
oupling. The figures show the effects ofJ coupling only; the
dditional decay due to intrinsicT2 relaxation is omitted fo
larity.

3B2 Systems

Figure 2 shows the effect ofJ coupling on the echotrains
strongly coupledA3B2 spin system withdAB 5 40 Hz and

AB 5 6 Hz. TheseJ coupling and chemical shift values a
epresentative of those found in hydrocarbon chains at 2 T
ystem thus models the CH3CH2 spin groups typically found a
he end of hydrocarbon chains. Echotrains are shown at

FIG. 2. The effect ofJ coupling on a strongly coupledA3B2 spin system
he plot shows signal vs echo number for CPMG sequences wheret, the
pacing between echoes, is 4, 10, or 30 ms.dAB 5 40 Hz,JAB 5 6 Hz. Intrinsic

2 relaxation is neglected. These three curves illustrate the general tende
coupling modulation to fall into one of 2 regimes: smooth or err
odulation.
E
a-
es
-

of

he

ee

alues oft to illustrate the effect that this parameter has on
PMG signal. Whent 5 4 ms, the echotrain is barely mod

ated. Ast increases, the degree of modulation of the echo
teadily increases, but remains smoothly varying, as seen
5 10 ms echotrain. However, att 5 30 ms (dABt 5 1.2), the
ignal drops off abruptly at the first and second echoes and
aries unpredictably.
The dependence shown in Fig. 2 of the echotrain ont is

epresentative of the behavior seen in all of our simulati
bove a threshold oft which depends on the values ofJ and
in the system, the behavior of the echotrain is erratic

ifficult to characterize. Below this threshold, the echot
aries smoothly, its modulation decreasing ast decreases. Th
ransition between the regimes of smooth and erratic mo
ion is very abrupt: in theA3B2 spin system discussed abo
he transition occurs betweent 5 20 and 21 ms.

The transition from smooth to erraticJ coupling modulation
an be best understood by analyzing the cosinusoidal term
ake up each echotrain (Eq. [9]). Becausen in Eq. [9] is

estricted to integer values, themth component of the signa
os(vmn), is sampled at a rate of 2p/vm points per period. A
m increases, cos(vmn) becomes less smoothly sampl
bove a threshold of roughlyvm 5 p/3, a plot of cos(vmn)
eases to look cosinusoidal. As a result, any component o
chotrain which oscillates abovevm 5 p/3 will make an
rratic contribution to the signal. Figure 3 shows the norm

FIG. 3. The normalized amplitudes of the frequency components oft
10- and 30-ms echotrains shown in Fig. 2. The 10-ms echotrain has a

nmodulated component as well as a few low frequency components
esult is a smoothly varying echotrain. The range of frequencies contrib
o the CPMG signal increases steadily with increasingt, and the size of th
nmodulated component decreases. The presence of terms wherev . p/3
auses the erratic modulation of the 30-ms echotrain.

y of
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309SIMULATIONS OF THE EFFECTS OFJ COUPLING IN SE AND FSE IMAGING
zed amplitudes,cm, and frequencies,vm, of the component
f the t 5 10 and 30 ms echotrains shown in Fig. 2. Clea
any of the significant terms contributing to the 30 ms e

rain oscillate at frequencies well abovep/3 and thus will no
e smoothly sampled. The only substantial contributions t
0-ms echotrain come from a handful of low frequency c
onents: these terms make a smoothly varying contributio

he modulation. In addition, the zero frequency compone

FIG. 4. CPMG signal atTE 5 120 ms vst for a set ofA3B2 systems with

AB 5 40 Hz andJAB 5 2 to 14 Hz.t ranges from 1 to 120 ms. Att 5 10,
2, 20, or 30 ms (forJ 5 14, 10, 6, or 2 Hz, respectively), the depende
f the signal ont abruptly becomes unpredictable, reflecting a transition
regime of erraticJ modulation.

FIG. 5. “Effective” T2 as a function oft andJ for echo trains ofA3B2 s
xponential decay. In (a)JAB 5 6 Hz andt 5 10 to 40 ms, while in (b)t
pproximately exponential rate.
,
-

e
-
to
is

uch larger in the 10-ms echotrain. In general, ast increases
he unmodulated component of the echotrain decreases a
ange of frequencies represented in the echotrain bec
teadily broader. A similar broadening (of the range of
uencies contributing to the echotrain) occurs as any valu
or d in a system increase.
In Fig. 3, the number of frequency components in b

chotrains is 29. This is substantially smaller than the 25(25 2
) possible combinations ofvm 5 ul j 2 l ku because many o

he differences have the same value or are zero. Further
ecausen must be an integer, cos(vmn) 5 cos[(2p 2 vm)n].
herefore, allvm falling between [p, 2p] can be mapped t
p 2 vm.
Figure 4 shows the CPMG signal atTE 5 120 ms, as

unction of t. The relative signals were calculated for a se
3B2 spin systems withdAB 5 40 Hz andJAB 5 2 to 14 Hz.
hent is short, the signal drops off smoothly as eitherJ or t

ncreases. However, betweent 5 10 and 30 ms (depending
), the curves change abruptly from being smoothly varyin
eing unpredictable. The signal loss in the erratically cou
egime is much less dependent on the values ofJ or t. This
gain reflects the unpredictable manner in whichJ coupling
odulates the echo train for largert. Note that the value oft
t which the transition to erratic modulation occurs does
ary linearly with 1/J—this is because the value ofdABt also
etermines when this transition occurs.
The simulations suggest that becauseJ coupling can caus

he signal in an echo train to fall off dramatically, its effe
imic those ofT2 relaxation, although the decay is clea
onexponential. In order to estimate an “effective”T2 for an
cho train, we fit the initial monotonic portion of the sig

ems.T2eff was estimated by fitting the initial portion of each echo train to
5 ms andJ 5 2 to 20 Hz. As eithert or J increases,T2eff decreases at a
yst
5 1
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310 STABLES ET AL.
ecays to an exponential curve. The results of these fit
hown as a function oft andJAB in Fig. 5. For anA3B2 system
ith JAB 5 6 Hz anddAB 5 40 Hz, Fig. 5a shows thatT2eff

rops at a roughly exponential rate ast increases. Simila
ehavior is seen in Fig. 5b, forT2eff vs J. Both figures dem
nstrate that the effectiveT2 can be very short (,100 ms). As
result, in strongly coupled systems, the effects ofJ coupling
ay dominate the decay of transverse magnetization in C

equences, so that the apparentT2 of protons in even simp
olecules reflects coupling rather than relaxation.

3B2C2 Systems

Figure 6 shows the relative signal of the echo trains of
f A3B2C2 spin systems, wheredAB 5 dAC 5 40 Hz,JAB 5 6
z, JAC 5 0 Hz, andt 5 20 ms. (TheB andC spins are no
agnetically equivalent becauseJAB Þ JAC.) JBC ranges from
to 6 Hz. For reference, the solid gray curve shows the s

ecay of anA3B2 system with identical values ofdAB andJAB.
hen JBC 5 0, the A3B2C2 echotrain contains the sam

requency components as theA3B2 echotrain, but, except fo
he zero frequency component, the amplitude of each co
ent is smaller since two of the seven spins do not contr

o the modulation. The presence of the uncoupled spins in
ystem thus dampens the overall effects ofJ coupling. AsJBC

ncreases, theA3B2C2 echotrains become more modulat
specially at lower frequencies, though they are still no
trongly modulated as theA3B2 echotrain. BecausedBC 5 0,
he B andC spins approach magnetic equivalence, and s
coupling between them is less apparent than that betwee
and B spins.

FIG. 6. The effect of additionalJ coupled spins on a system. For

3B2C2 spin systems,dAB 5 dAC 5 40 Hz,JAB 5 6 Hz, andJAC 5 0 Hz. An

3B2 echotrain with identical values ofdAB and JAB is also shown fo
omparison;t 5 20 ms. TheA3B2C2 echotrains become more modulated

BC increases, though they are not as strongly modulated as theA3B2 echotrain
ue to the near-equivalence of theB andC spins.
re

G

et

al
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s

e
the

-pentene

Simulated and experimental echotrains for 1-pentene
hown in Fig. 7 fort 5 2, 12, 16, and 20 ms. To match t
xperimental setup, the simulations were run assuming a
trength of 2 T. At each value oft, the simulated and expe
ental echotrains exhibit nearly identical oscillations, tho

he oscillations of the simulated echotrains are more exa
ted. Both sets of echotrains show the same general fe
een in theA3B2 data: the echotrain is nearly unmodula
hent 5 2 ms and becomes more modulated ast increases. A

ransition between smooth and erratic modulation oc
roundt 5 20 ms. The disparity between the amplitudes of
odulation of the simulated and experimental data may

rom effects such as stimulated echoes (from using impe
efocusing pulses in the experimental measurements), o
erence transfer cross-relaxation phenomena, which ar
ccounted for in the simulations.

DISCUSSION

The erratic echotrain behavior observed in our studie
3B2 systems and 1-pentene has also been observed e
entally in studies of diethyl ether, a strongly coupledA3B2

ystem (4, 11). However, measurements of the pulse spa
ependence of lipids such as corn oil and pork fat have f
smooth pulse spacing dependence (4, 6, 8, 10). The differ-

nces between the CPMG signal behavior of lipids and sys
uch as 1-pentene may arise from the longer chains of satu
ethylene (CH2) protons in lipids. The chemical shift diffe
nces between these neighboring methylene groups are
mall and, as Fig. 6 demonstrates, this can lead to a damp
f the effects ofJ coupling.

he Point Spread Function of J Coupled Echotrains

T2 decay occurs during the acquisition of data in a CP
xperiment, so successive echoes (and hence different li
-space in FSE) have smaller amplitudes. This effect alon
ause blurring in the phase encode direction of an im
1, 23, 24). The presence ofJ coupling induced modulation
he echotrain will further affect the image point spread func
PSF), as has been demonstrated for weakly coupled
ystems [Chao, 1997 #96; Duyn, 1995 #95]. In this sectio
erive expressions for the PSF due to the effects ofJ coupling.
Assuming that the phase encode direction isy, the signal in

n FSE image can be written as the convolution (24)

fFSE~ x, y! 5 hJC~ y!phT2~ y!pfSE~ x, y!, [14]

herehJC is the point spread function (PSF) due toJ coupling,
T2 is the PSF due toT2 decay, andfSE is the signal in a S

mage of the same region.h is given by
JC



h

w
5 g
t nd
o te
a sit
a
s

E tw
s ate

s rting
E

w

a
tion

s

ooth
t

311SIMULATIONS OF THE EFFECTS OFJ COUPLING IN SE AND FSE IMAGING
JC~ y! 5 E
2`

`

S@n~ky!#e
2ikyydky

5 O
m50

M

cm E
2`

`

cos@vmn~ky!#e
2ikyydky, [15]

herecm andvm are the coefficients used in Eq. [9] (wherev0

0), n is the echo number, andky denotes the position alon
he phase encode axis ofk-space. The PSF will clearly depe
n n(ky), which defines the order in which phase encode s
re acquired. One possible ordering scheme, where po
nd negative values ofky have the same dependence onn, is
hown in Fig. 8a.n(ky) is given by

n 5 1 1 ukyu/Dky 2 kymax # ky # kymax. [16]

quation [16] describes an imaging scheme which uses
pin excitations to fillk-space, but can also approxim

FIG. 7. Simulated and experimental echotrains for 1-pentene fort 5 2, 1
o erratic modulation ast increases. Conversely, ast decreases, the effect
ps
ive

o

chemes which use a greater number of excitations. Inse
q. [16] into [15] yields

hJC~ y! 5 O
m50

M

cmFp cos~vm!d~uyu 2 ym!

1 2 sin~vm!
ym

y2 2 ym
2G , [17]

here

ym 5 vm/Dky 5 vml /p,

nd 2l is the field of view of the image in they direction.
A monotonic trajectory (such as for a single excita

equence) may also be used, where

n 5 n 1 k /Dk , [18]

6, and 20 ms;B0 5 2 T. The echotrains again show a transition from sm
coupling disappear.
2, 1
s ofJ
0 y y
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ndn0 is the echo at which the zeroth order phase encode
s acquired. In that case,

hJC~ y! 5 O
m50

M

cm$p cos~vmn0!d~uyu 2 ym! 1 ip sin~vmn0!

3 @d~ y 2 ym! 2 d~ y 1 ym!#%. [19]

he imaginary terms result from the fact thatn(ky) is not even
A plot of Eq. [17] for a single value ofvm is shown in Fig

b. Note that because 0# vm # p, the limits ofym are [0,l ].
hed functions at6ym in the PSF will introduce image ghos
ith theJ coupled portions of the image shifted by6ym. The

erms of the formym/( y2 2 ym
2) resemble approximations

d9( y 2 ym) (where9 denotes the derivative). Since

f~ y!pd9~ y 2 ym! 5 f9~ y 2 ym!, [20]

he effects of convolution with these terms resemble ghos
he derivative of theJ coupled regions.

FIG. 8. (a) The phase encode ordering for the FSE acquisition sc
escribed by Eq. [16]. (b) The contribution of a modulation at frequencvm

wherevm 5 p/3) to the PSF of an FSE image, assuming then(ky) shown in
a). The arrows at6ym denote Diracd functions of magnitudepcmcos(vm).
ep

of

CONCLUSION

The computer simulations described in this paper have
ided a powerful tool to examine the effects ofJ coupling in
variety of spin systems. They demonstrate that in genera
ulse rates typical of conventional spin echo sequences
resence ofJ coupling in a system dephases the transv
agnetization substantially. As the values ofJt and dt in-

rease, the effect ofJ coupling progresses from a slight sig
ttenuation to severe and erratic signal dephasing. The
ephasing and erratic modulation are caused by the int
nce of the large number of discrete frequencies which m
late the echotrain. In the erratic dephasing regime, the s

oss at a specific echo in the train can be as high as 99% re
o the decoupled signal, and this loss may already be app
n the second or third echo.

Conversely, when the CPMG echo spacing is very shor
coupling modulation disappears and lipid signals bec

right. A modification of the FSE sequence has recently
uggested which suppresses this lipid signal by exploiting
ependence ofJ coupling effects on pulse spacing (25, 26). In

he DIET sequence, the first refocusing interval is made lo
han subsequent refocusing intervals. This allows a gr
ixing of coupled spins during the first echo, which lead
ephasing and hence signal attenuation.

APPENDIX

Simulation Algorithm

To solve Eqs. [7]–[8] using matrix operators, it is fi
ecessary to construct an appropriate set of basis sta
epresent the system. The most numerically convenient s
asis functions were the eigenstates of the Zeeman Ham
ian,

Ĥz 5 voÎ z 5 vo O
j51

N

Î zj, [21]

hereN is the number of spins in the system andÎ zj is thez
omponent of the angular momentum operator for nuclej .
he basis set is an orthonormal set of simple product w

unctions representing all possible combinations of the ei
tates, denotedu1& and u2&, of Î zj for each individual nucleu
. In an N-spin system there are 2N possible combinations
he u1& and u2& states.

Each product state is represented by anN-term vector, wher
he j th element in the vector describes the state of spinj . A “1”
ignifies the spin is in theu1& state, while a “21” signifies the
pin is in theu2& state. The entire set of product wavefuncti
s stored in a 2N 3 N matrix, P, where each row represent
eparate product wavefunction. For a 2-spin system, the m
f product wavefunctions,P, looks like

e
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P 5 3
1 1
1 2 1

2 1 1
2 1 2 1

4 7
u11&
u12&
u21&
u22&

. [22]

f the product wavefunctions are denoteduam&, wherem 5
, . . . , 2N, then

Î zjuam& 5 1
2 Pmjuam&, [23]

here the eigenvalues are given in units of\.
The basis functions are not used explicitly in solving Eq.

ut are needed to form matrix representations of theÎ x, R̂180x,
nd Ĥ operators. The matrix representation of each ope
an be constructed using

Xmn 8 ^amuX̂uan&, [24]

hereX̂ is a quantum mechanical operator and the symb8

enotes “is represented by.”
The operatorÎ x is equal to¥ Î xj, where the effect ofÎ xj on
given wavefunction is to reverse thej th spin state. Cons

uently,Î x generates a series ofN product wavefunctions, ea
iffering from the original in only one spin state. In a 2-s
ystem, for example,

Î xu11& 5 $u21& 1 u12&%/ 2. [25]

he product functions, {uam&}, are orthonormal; therefor
hen Eq. [24] is applied to construct the matrix representa
f Î x in the Zeeman basis,I xmn 5 1

2 only if uam& and uan& differ
n one (and only one) of their spinstates. For a 2 spin system

I x 8
1

2

u11& u12& u21& u22&

3
0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

4
u11&
u12&
u21&
u22&

.

[26]

he product states are shown along the sides of [26] to c
heir ordering. It is also possible to calculate matrix repre
ations of Î xj, which are needed if one would like to calcul
he contribution of thej th nuclei to the signal. The nonze
lements ofI xj are those connecting wavefunctions that di
olely in thej th spin state.
The 180° rotation operator,R̂180x, can be written in the form

R̂180x 5 ~2i ! N P
j51

N

Î xj. [27]
,

or

n

fy
n-

r

he operator therefore flips every spin state in a pro
avefunction. In a 4-spin system,

R̂180xu1211& 5 u2122&. [28]

o construct the matrix representation ofR̂180x, the simulation
ompares each pair of wavefunctions and assigns a valuei N

nly when the spin states ofuam& anduan& are exactly opposit
ne another. For a 2-spin system,

R 8 3
0 0 0 2 1
0 0 2 1 0
0 2 1 0 0

2 1 0 0 0
4 [29]

The final matrix needed to solve Eqs. [7]–[8] is the Ham
onian,

Ĥ 5 2O
j

d j Î zj 2 O
j,k

JjkÎ j z Î k. [30]

he values ofd j andJjk are contained in 13 N and anN 3
matrices, which can be read from an input file. The

roductÎ j z Î k in the Hamiltonian can be expanded to give (27)

Î j z Î k 5 Î jzÎ kz 1 1
2 ~ Î j1Î k2 1 Î j2Î k1!. [31]

1 and Î 2 are the raising and lowering operators, where

Î 1u1& 5 0 Î 2u1& 5 u2&

Î 1u2& 5 u1& Î 2u2& 5 0.
[32]

he Î j1 Î k2 operator only returns a nonzero product state w
he j nucleus is in theu2& state and thek nucleus is in theu1&
tate. The reverse is true for theÎ j2 Î k1 operator. Viewed
ogether, the final 2 terms of [31] only affect product sta
aving a pair of spins in opposite states. The simulation th

ore looks for pairs of wavefunctions which differ in t
pinstates of two (and only two) of the nuclei, and then ch
f these two nuclei have spinstates which are opposite
nother. For pairs of product functions meeting the ab
riteria,

Hmn 5 21
2 Jjk, [33]

herej andk are the nuclei with opposite spin states. All ot
ff-diagonal terms are zero. Finally, the diagonal elemen
are given by

Hmm 5 21
2 O

j

d jPmj 2
1
2 O

j,k

JjkPmjPmk. [34]
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Once the matrix representations of theÎ x, R̂180x, and Ĥ
perators are formed, the calculation of the density matrix
ence the solution of Eq. [7]) at anyn is straightforward. (Th
alculation of exp(2i / 2Ht) and the multiplication and inve
ion of matrices are simple procedures in MATLAB.) Equa
8] can also be solved by first calculating the transforma
atrix that diagonalizes exp(2i / 2Ht)R exp(2i / 2Ht). We

hould note however that the transformation matrix gene
y MATLAB will not necessarily be orthonormal if exp(2i /
Ht)R exp(2i / 2Ht) has degenerate eigenvalues. In s
ases, an orthonormal subset of eigenvectors must be c
or each degenerate eigenvalue.
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